The linear response of two-dimensional frictional granular materials under an oscillatory shear is numerically investigated. It is confirmed that the shear storage modulus G ′ and the loss modulus G ′′ depend on the initial amplitude of the oscillation to prepare the system before the measurement. For sufficiently large initial strain amplitude, the shear jammed state satisfying G ′ > 0 is observed even if the packing fraction is below the jamming point. The fragile state is also identified as a long-lived metastable state where G ′ depends on the phase of the oscillatory shear. The dynamic viscosity evaluated from the shear loss modulus G ′′ exhibits a sudden jump similar to the discontinuous shear thickening in the fragile state.
The linear response of two-dimensional frictional granular materials under an oscillatory shear is numerically investigated. It is confirmed that the shear storage modulus G ′ and the loss modulus G ′′ depend on the initial amplitude of the oscillation to prepare the system before the measurement. For sufficiently large initial strain amplitude, the shear jammed state satisfying G ′ > 0 is observed even if the packing fraction is below the jamming point. The fragile state is also identified as a long-lived metastable state where G ′ depends on the phase of the oscillatory shear. The dynamic viscosity evaluated from the shear loss modulus G ′′ exhibits a sudden jump similar to the discontinuous shear thickening in the fragile state.
Introduction.-Amorphous materials consisting of repulsive and dissipative particles including randomness such as granular materials, colloidal suspensions, foams, and emulsions can form solid-like jammed states. Since Liu and Nagel suggested that jammed states exist only above a critical packing fraction (the jamming point) [1] , the jamming transition has attracted much attention among physicists [2, 3] . Several numerical simulations of frictionless grains support this picture and reveal various critical behaviors near the jamming point, where the pressure and the coordination number exhibit continuous and discontinuous transitions, respectively [4] [5] [6] . Continuous transitions are also observed for rheology of frictionless particles under steady shear and oscillatory shear [31, 32] .
Nevertheless, granular particles cannot be free from mutual frictions between grains, which play crucial roles in the dynamics of granular materials. Indeed, recent experiments suggest frictional grains follow a different scenario, i.e. jammed states for frictional grains are induced by shear deformation even below the critical fraction φ C , which depends on the mutual friction between grains [33] . Such a transition, known as shear jamming, has been studied experimentally [34] [35] [36] and numerically [37, 38] . In Ref. [33] , the shear jammed state is characterized by the percolation of an isotropic force network, while the fragile state is characterized by an anisotropic network.
It is also known that mutual frictions between grains cause drastic changes in rheological properties such as the discontinuous shear thickening (DST) , which is applied to flexible protective gears, robotic manipulators, and traction controls [63, 64] . There have been several studies focusing on the relationship between the DST and the shear jamming in suspensions of frictional grains under steady shear [54] [55] [56] [57] . The definitions of the shear jamming and the fragile state, however, are inconsistent with each other, and the conclusion is still controversial [33, 54] . Therefore, we have to clarify the relationship between the mechanical response and the shear jamming or the fragile state in granular materials.
To resolve the above puzzled situation, we numerically study the mechanical response of two-dimensional frictional grains near the jamming transition under oscillatory shear. We find that the linear response exhibits the shear jamming and the DST depending on the amplitude of the oscillatory shear before measuring it. The shear jammed state satisfying the storage modulus G ′ > 0 can be observed for the packing fraction φ < φ C above a critical strain amplitude. We also confirm that the observable region for the DST-like behavior is basically identical to that of a fragile state: a long-lived metastable state depending on the phase of the oscillatory shear.
Setup of Simulation.-Let us consider a twodimensional assembly of N frictional granular particles. They interact according to the Cundall-Strack model with an identical mass density ρ in a square periodic box of linear size L [65] . The normal repulsive interaction force F (n) ij between the grain i and the grain j is given by F
with the normal spring constant k (n) , the normal vis-
and n ij = r ij /r ij . Here, the position, the velocity, and the diameter of the grain i are denoted as r i , v i , and d i , respectively. Θ(x) is the Heaviside step function defined by Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 otherwise. The tangential contact force F (t) ij is given by F
where min(a, b) selects the smaller one between a and b, sgn(x) = 1 for x ≥ 0 and sgn(x) = −1 otherwise,F (t) ij is given byF
ij , and t ij = (−r ij,y /r ij , r ij,x /r ij ) with the α-component r ij,α of r ij . Here, k (t) and ζ (t) are the elastic and the viscous constants in the tangential direction, respectively. The
with the tangential velocityδ
, where "stick" on the integral indicates that the integral is performed when the condition |F (t) ij | < µF (n,el) ij is satisfied. Here, the angular velocity of the grain i is denoted as ω i . To avoid crystallization, we use a bi-disperse system which includes equal number of grains of the diameters d 0 and d 0 /1.4, respectively.
In this system, we apply an oscillatory shear along the y direction under the Lees-Edwards boundary condition with the SLLOD algorithm which stabilizes uniform shear flows [66] . As an initial state, the disks are randomly placed in the system with the initial packing fraction φ I = 0.75, and we slowly compress the system until the packing fraction reaches a given value φ as shown in Ref. [62] . After the compression, the shear strain is applied as γ(t) = γ 0 {cos θ − cos(ωt + θ)}, where γ 0 , ω, and θ are the strain amplitude, the angular frequency, and the initial phase, respectively. 
The shear stress σ is given by
where
ij . Here, we have ignored the kinetic part of σ because it is significantly smaller than the potential part for highly dissipative grains. Note that G ′ and the dynamic viscosity η(ω) ≡ G ′′ (ω)/ω with γ . Here, the dynamic viscosity η(ω) is almost identical to the shear viscosity η(0) [67] . We mainly use N = 4000, Fig. 2 exhibits the storage modulus G ′ against θ for φ = 0.82 at γ (I) 0 = 0.12, which indicates that G ′ in the metastable state has peaks at nπ and becomes 0 near (n + 1/2)π with an integer n. The stress-strain curve in the metastable state exhibits both the liquid-like and the solid-like behaviors depending on the phase of the oscillatory shear, which leads to the θ-dependence of G ′ . See Supplement Material for the stress-strain curves showing the onset of the shear jamming and explaining the θ-dependence in the metastable state [68] .
In Fig. 3 , we plot G ′ against γ 0 for 0.82 < φ < 0.84. We confirm the existence of the shear jamming for φ SJ < φ < φ C with φ SJ = 0.795. See Supplement Material [68] for the determination of φ SJ . We also find the reentrant transition from finite G ′ to zero G ′ value for φ = 0.824. This reentrant transition 12 might be related to the shear jamming for frictionless grains caused by a cyclic compression [70] .
The storage modulus G ′ against γ 0 , while η for φ SJ < φ < φ C exhibits a sudden increase from a negligibly small value to a larger value at a critical strain amplitude γ DST . The sudden increase of η is similar to the DST under steady shear.
Phase diagram.- Figure 5 illustrates the phase diagram on the plain of γ 
The dynamic viscosity η against the initial strain amplitude γ with φ > φ C located above a bay-like unjammed state might be regarded as a SJ. The unjammed state for φ > φ C and its relation to the yielding transition will be studied elsewhere. We have also confirmed that F exists between U and SJ. See Supplement Material [68] for the µ-dependence of SJ and the φ-dependence of F.
In Fig. 5 , we also plot the critical strain γ DST estimated from the DST-like behavior, where η exceeds a threshold 10 −3 m 0 k (n) . Note that G ′ also changes from 0 to a finite value at γ DST . The critical strain γ DST for θ = 0 exists on the boundary between U and F, while γ DST for other θ lies in the fragile state. This suggests that the region of the fragile state is almost identical to that for the DST-like behavior, at least, for not extremely large γ (I) 0 . We should note that the DST is originally defined by a jump of the viscosity against the shear rate [41], while our DST-like behavior is the discontinuous jump when we control the initial strain amplitude γ (I) 0 . Therefore, it is dangerous to identify DST-like behavior we have observed with the standard DST.
Discussion and concluding remarks.-Let us discuss our results. Recent numerical simulations [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] indicate that the shear jamming can be observed even in frictionless systems. However, the observation of SJ in frictionless systems may need special protocols such as the swap Monte Carlo algorithm [70] [71] [72] [73] , small system sizes [74] [75] [76] , or the modification of the contact between grains [77] [78] [79] . These results suggest that SJ for fric- tionless systems in low density regime might be unstable [77] [78] [79] and disappear in the thermodynamics limit [74] [75] [76] . This is consistent with the µ-dependence of our results shown in Supplement Material [68] . Nevertheless, some of SJ for frictionless systems might be stable only for high density regime [70] [71] [72] [73] and related to the reentrant from the unjammed state to the jammed state for φ > φ C in our system. Further investigation is needed for frictionless SJ. The fragile state is originally defined by the anisotropic percolation of the force network under quasi-static pure shear process [33] . Note that there is neither specific compression direction nor quasi-static operations in our system. Therefore, the anisotropy of the force chain network in our fragile state ( Fig. 1(b) ) is not clear. Nevertheless, we have confirmed that stress anisotropy τ /P , which also characterizes the onset of the shear jamming [38, 59, 76] , exhibits the maximum in the fragile state and keep constant in SJ as shown in Fig. 6 , where τ = (σ 1 −σ 2 )/2 and P = (σ 1 + σ 2 )/2 with the maximum and the minimum principal stresses σ 1 and σ 2 , respectively. This behavior is qualitatively similar to that observed in an experiment [38] . Further careful study on the mutual relationship should be necessary.
In conclusion, we have numerically studied the frictional granular systems under oscillatory shear. Controlling the strain amplitude of the oscillatory shear before the measurement, we find that the shear jamming is regarded as a memory effect of the initial shear. This can be used to detect the DST-like behavior, where the viscosity exhibits a discontinuous jump against the initial strain amplitude. The region we observe the DST-like behavior is almost identical to that of the fragile state. Our
The stress anisotropy τ /P against γ 
INTRODUCTION
In this Supplemental Material, we present the stressstrain curves in the shear jammed and the fragile states, the dependence of the transition points on the friction coefficient µ, and the φ-dependence of the fragile state.
STRESS-STRAIN CURVES IN THE SHEAR JAMMED AND THE FRAGILE STATES
In this section, we show the stress-strain curves to illustrate how the shear jamming takes place in the initial oscillatory shear. We also explain the origin of the θ-dependent G ′ in the fragile state from the stress-strain curves. In Fig. S1 , we plot the shear stress σ against the strain γ for γ 
The shear stress σ against the strain γ with γ (I) 0 = 0.2 for φ = 0.820 and θ = 0. The triangle and the square indicate the states before and after the initial oscillatory shear, respectively. The arrows demonstrate the evolution of σ. Figure S2 illustrates the shear stress σ against the strain γ in the final cycle of the initial oscillatory with γ (I) 0 = 1.2 and φ = 0.820 for θ = 0 and π/2. For θ = 0, σ exhibits a linear dependence on γ near the maximum and the minimum values of γ, though σ remains 0 for 0.03 < γ < 0.2. Thus, the linear response after the reduction of the strain amplitude is solid-like i.e. G ′ > 0 near γ ≈ 0. For θ = π/2, the stress-strain curve of the initial oscillation is shifted without changing its shape. The linear response for θ = π/2 after the reduction of the strain amplitude is liquid-like near γ ≈ 0 i.e. G ′ = 0 because of the shift of the stress-strain curve. These behaviors explain the dependence of G ′ on θ in Fig. 2 of the main text.
The shear stress σ against the strain γ in the last cycle of the initial oscillatory with γ 
DEPENDENCE OF TRANSITION POINTS ON µ
In this section, we discuss the dependence of transition points φ C and φ SJ . In Fig. S3 , we plot the storage modulus G ′ against φ for θ = 0 with various γ . Then, we define the jamming transition point for isotropic packings as
which does not depend on θ. We also define the minimum critical fraction for solid-like states as
Note that φ th (γ In the main text, we have discussed the case only for µ = 1.0, but we investigate the µ-dependence of the critical points φ C and φ SJ in Fig. S4 . Note that the shear jamming is observed for φ SJ ≤ φ ≤ φ C . As shown in Fig.  S4 , the difference between φ C and φ SJ decreases to 0 as µ decreases, which indicates that the shear jamming we have observed disappears in the frictionless limit.
ORDER PARAMETER FOR THE FRAGILE STATE
As shown in Fig. 5 of the main text, the fragile state disappears as φ approaches the fraction at the tricritical point, which is almost equivalent to φ C . Here, we introduce the order parameter of the fragile state for a given U. In Fig. S5 , we plot ∆γ against φ for µ = 1.0. ∆γ rapidly increases as φ decreases from φ C . This suggests that the behavior at the critical point is singular, which might be helpful to construct a mean field theory of the shear jamming transition. 
